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Abstract. A new presentation of the Borchers-Buchholz result of the Lorentz-invariance 
of the energy-momentum spectrum in theories with broken Lorentz symmetry is given in 
terms of properties of the Green's functions of microcausal Bose and Fermi-fields. Strong 
constraints based on complex geometry phenomenons are shown to result from the interplay 
of the basic principles of causality and stability in Quantum Field Theory: if microcausality 
and energy-positivity in all Lorentz frames are satisfied, then it is unavoidable that all 
stable particles of the theory be governed by Lorentz-invariant dispersion laws; in all 
the field sectors, discrete parts outside the continuum as well as the thresholds of the 
continuous parts of the energy-momentum spectrum, with possible holes inside it, are 
necessarily represented by mass-shell hyperboloids (or the light-cone) . No violation of this 
geometrical fact can be produced by spontaneous breaking of the Lorentz symmetry, even 
if the field-theoretical framework is enlarged so as to include short-distance singularities 
wilder than distributions. 

1- Introduction 

In a recent work [1] , it has been advocated that the occurrence of spontaneous Lorentz 
and CPT violations in Quantum Field Theories governed by suitable non-local Lagrangians 
can very well generate non-Lorentz-invariant dispersion laws which avoid the problems 
with stability and causality. Such Lorentz violation effects produced at Planck scale might 
then in principle be observed at lower energies in particle physics. In support of their 
claim, the authors of [1] have produced examples of possible "non-local models" in which 
the quadratic part of the Lagrangian corresponds to a dispersion law po = uj{p} enjoying 
the following properties: 

a) The hypersurface Ai with equation po = u{p) differs from a Lorentz-invariant mass 
shell hyperboloid, 

b) Ai is contained in the positive energy-momentum cone {po > \p\), 

c) For every momentum p, the "group velocity condition" \duj{p)\ < 1 holds, which 
means that Ai admits a space-like (or light-like) tangent hyperplane at each of its points. 



We prefer keeping here the terminology of "dispersion law" (used traditionally e.g. 
in Thermal Quantum Field Theory) rather than adopting the new usage of "dispersion 
relation" , which is of course confusing in a domain where (Cauchy-type) dispersion relations 
relating the absorptive and dispersive parts of Feynman-type amplitudes remain a basic 
tool of frequent use. 
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While condition b) expresses energy-positivity in all Lorentz frames, condition c) en- 
sures that all wave-packets satisfying the dispersion law po = uj{p) propagate "essentially" 
with a subluminal (or luminal) velocity; essentially means "up to the quantum spreading 
of wave-packets, of the order of the Planck constant" , as it is the case for the solutions of 
the Klein-Gordon and Dirac equations. However, in spite of this causal interpretation in 
terms of particle wave-packets, condition c) should by no means be taken as a criterion of 
microcausality for the underlying Quantum Field Theory. Microcausality states that the 
commutator (resp. anticommutator) of a boson (resp.fermion) field $(x) 

should vanish in the whole region of relativistic spacelike separation {{x, x'); {x — x')'^ < 0}. 
As we shall see below, the "group velocity condition" c) only appears as a necessary con- 
sequence of microcausality, but the converse is not true. This is why, without underesti- 
mating the interest of the mentioned examples of [1] satisfying conditions a), b) and c), it 
appeared worthwhile to us to warn the field-theorist community that such examples cannot 
correspond to field models satisfying microcausality. In fact, at a high level of general- 
ity including field theories with local singularities of arbitrary strength (i.e. wilder than 
distributions) in spacetime, the requirement of microcausality represents such a strong 
constraint that, when combined with energy positivity in all frames, it definitely implies 
the following properties: 

i) any dispersion law describing particles generated by the field is Lorentz invariant, 
namely the corresponding hypersurface is a sheet of hyperboloid with equation of the 
form Po = a/p^ -I- m? (or the light cone dV'^ if m = 0). 

ii) In all the sectors (or collision channels) of the space of states of the (interacting) 
field theory considered, the hypersurfaces which border the continuous part of the energy- 
momentum spectrum, including possible holes in the latter, are also Lorentz-invariant, 
namely sheets of hyperboloid of the form pq = \/fP + Mf (or the light-cone) . 

It is the purpose of the present paper to give a hopefully elementary and self-contained 
proof of the latter facts, which have been established long ago in a general, although slightly 
different, framework by Borchers and Buchholz. As a matter of fact, the interest for the 
possible occurrence of Lorcntz-symmetry breaking is not new and it has already been a sub- 
ject of deep investigation in the framework of the basic principles of Quantum Field Theory 
(QFT): the latter two properties of Lorentz-invariance of the energy-momentum spectrum 
have indeed been proven in a paper by H.J. Borchers and D. Buchholz entitled "The 
Energy- Momentum Spectrum in Local Field Theories with Broken Lorentz-Symmetry" [2] 
completed by a paper by H.J. Borchers entitled "Locality and covariance of the spec- 
trum" [3] in the general framework of Algebraic QFT (or "Local Quantum Physics") [4]. 
In this deep analysis, generalizing similar results already obtained in [5] (see also [6] for a 
complete survey of the question), it was proven that the interplay of a weak form of mi- 
crocausality, namely the commutativity of local observables attached to pairs of mutually 
space-like regions, together with energy-positivity in all Lorentz frames was sufficient to 
produce a Lorentz-invariant shape of the energy-momentum spectrum, even if the Lorentz- 
symmetry was broken in the considered physical representation of the field observables. 
In view of the always vivid interest of the community for the possible occurrence of some 
form of Lorentz-symmetry violation emerging from the spontaneous breaking at Planck 
scale of a "fundamental field or string theory" (see [1] and references therein), but also 
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of its apparent unawareness of the results of [2,3], we think it useful to give a revival to 
these results in a way which wc hope to be accessible to the current field-theorist reader. 
In fact, we wish to give here a new presentation of these unexpected properties of geomet- 
rical nature in energy-momentum space in terms of propagators and Green's functions of 
microcausal Bose and Fermi-fields. We shall thus avoid using the less familiar formulation 
of Algebraic QFT, and will focus on the contrary on the phenomena of complex geometry 
which play a basic role in this matter and still hold in a context of indefinite-metric (see 
our concluding remarks). 

Some preliminary comments on the exact content of properties i) and ii) (announced 
above) and on the relevant concepts and field-theoretical framework used in our approach 
are necessary. 

As in [2,3], the proof of properties i) and ii) which we shall give is of a general 
nature, i.e. non-perturbative and in fact independent of any Lagrangian formulation of 
the field model. However, our method is close to the preoccupations of [1] by its use of 
such basic objects as the transforms of causal (retarded and advanced) propagators of the 
fields in energy- momentum space. In the approach of [1], the dispersion laws of particles 
are always associated with given quadratic parts of field Lagrangians incorporating explicit 
Lorentz-symmetry breaking coefficients of appropriate type. Such dispersion laws therefore 
correspond to particles which are "elementary" with respect to the field introduced in the 
Lagrangian, namely they appear as associated with poles of the propagator of this field in 
energy-momentum space. To be complete, another case of dispersion laws also deserves to 
be considered, namely those which correspond to "composite" particles of the field: the 
latter appear as associated with poles of the four-point (or higher n-point) functions of the 
field in energy-momentum space; for example, this is the case for the hadronic particles if 
the fundamental fields are those of the standard model. 

Here we shall show in detail the previously announced geometrical properties of 
Lorentz invariance for the poles of propagators (corresponding to the case considered in 
[1]) and we shall also indicate the derivation of the corresponding equally valid results 
for the poles of four-point (or n-point) functions. We shall thus be concerned with sta- 
ble (elementary or composite) particles, corresponding to discrete parts of the spectrum, 
not embedded in the continuum. The case of unstable particles corresponding to possible 
complex poles of the Green's functions in unphysical sheets is excluded from our study. 

We wish to stress that the somewhat surprising phenomenon of geometrical Lorentz- 
invariance produced in the present problem has to do with peculiar properties of complex 
geometry in several complex variables. This phenomenon occurs as soon as the retarded 
and advanced propagators (or more general n— point functions) have Fourier-Laplace trans- 
forms, holomorphic in specific "tube domains" of complex energy-momentum space which 
correspond in a very general way to the causal support properties of these functions in 
spacetime, expressing the microcausality of the fields. ^'^^ The traditional framework 
of QFT in which these analyticity properties of Green's functions in complex energy- 
momentum space have been derived (see [8,9,17] and references therein) is the Wightman- 

Such properties, which are also closely related to the Jost-Lehmann-Dyson (JLD) 
formula for causal commutators [7], have been thoroughly exploited in [2,3] precisely in the 
spirit of [7]. 



3 



LSZ [18,19] axiomatic framework in which the various n— point functions of the fields are 

supposed to be tempered distributions. As an application of the theory of Fourier-Laplace 
transforms of tempered distributions with causal supports, making use of the notion of 
"boundary values of analytic functions in the sense of distributions" (see e.g. [12]), the 
previously mentioned analyticity domains of the Green's functions in momentum space 
have been obtained together with polynomial increase properties of the functions in their 
respective domains. From the viewpoint of the Lagrangian formalism of QFT, this frame- 
work is supposed to fit with conventional (renormalizable) field models whose Lagrangian 
only involves a finite number of derivatives of the fields. In the various examples of con- 
ventional type of [1] in which Lorentz- symmetry-breaking terms have been introduced so 
as to produce a non-Lorentz-invariant dispersion law (condition a)), it was found that the 
conditions b),c) listed at the beginning of this introduction could not be satisfied simul- 
taneously: this fact is indeed consistent with our property i) since (as shown below) the 
violation of the group- velocity condition c) implies the violation of micro causality. 

We now emphasize the existence of enlarged frameworks of QFT, making use of the 
general mathematical setting of hyperfunction theory (see e.g. [20] and references therein, 
the first generalization in this direction being the theory of Jaffe fields [21]). In the hy- 
perfunction setting, the retarded and advanced Green's functions in spacetime may have 
arbitrarily wild singularities; as we shall see below, this does not prevent their Fourier- 
Laplace transforms from being well-defined in the relevant complex domains of momentum 
space, although they no longer have a polynomial rate of increase at infinity in these do- 
mains. The analyticity properties of these transforms still express (at a high degree of 
generality) the microcausality property of such possible theories, which is now defined 
in terms of appropriately chosen classes of test-functions. It will then be clear from our 
geometrical proof of properties i) and ii) that this proof works for the class of all holo- 
morphic functions in the domains considered, and therefore that the loss of polynomial 
increase properties in such general field theories does not invalidate the results. From the 
viewpoint of the Lagrangian formalism of QFT, this very general framework of QFT (im- 
plying no limitation on the strength of short-distance singularities) should cover (provided 
they exist!) all nonconventional models whose Lagrangian involves an infinite number of 
derivatives of the fields. 

In our section 2, we shall first specify the basic analyticity properties of retarded and 
advanced two-point functions in tube domains, which express microcausality in complexi- 
fied energy-momentum space; for completeness, we shall explain the result in elementary 
terms for the non-trivial case of QFT in the hyperfunction setting, in comparison with the 
standard result for Wightman fields in the setting of tempered distributions. This sketch of 
the general case is presented here (in Sec. 2.1) for convincing the reader that the validity 
of analyticity in complex momentum space is not submitted to restrictions due to lack 
of convergence of the Fourier integrals; however, this matter is outside our main purpose 
which is the derivation of properties i) and ii) and it may be skipped without inconve- 
nience by the reader. Then we describe the procedure through which information on the 
energy-momentum spectrum is encoded in this general approach in complex momentum 
space. We then formulate three basic results of complex geometry, called Properties A, 
B and G, whose physical consequences in terms of admissible dispersion laws are derived 
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in a straightforward way: Property A explains why the velocity group condition c) of dis- 
persion laws is implied by micro causality under a weak requirement of energy-positivity. 
Properties B and C provide a proof of the previous statements (i) and ii)) for the dis- 
persion laws of elementary particles and for the thresholds (and possible holes) of the 
continuous spectrum, under the joint requirement of microcausality and energy-positivity 
in all frames. A complete proof of Properties A, B and C is given in this section. In 
section 3, it is shown that similar consequences of microcausality and (weak or strong) 
energy-positivity requirements can be formulated in terms of momentum-space analyticity 
properties of four-point (resp. more generally 2n— point) Green's functions established in 
[8,9] (resp. [17d),e)]). The exact counterparts of Properties A,B,C, called respectively 
A',B',C', are then described and these phenomena of complex geometry are shown to im- 
ply the corresponding statements (i) and ii)) for the dispersion laws of composite particles 
and for the thresholds (and possible holes) of the continuous spectrum in the channels 
considered. Section 4 gives concluding remarks. 

2 Shape of the energy-momentum spectral supports for the two-point functions 



For simplicity, we first recall the basic analyticity property in complex momentum 
space by using conventional Fourier integrals (as if the fields were "good functions " of 
x) before explaining why this property still holds with a high degree of generality in the 
rigorous settings of tempered distributions and hyperfunctions, corresponding respectively 
to conventional and nonconventional field theories. 

Let F^{p) and F~ (p) (with p = {po,p)) be respectively the Foiuicr transforms of the 
vacuum expectation values of the retarded and advanced (anti-) commutators of a general 
(fermion or boson) quantum field $(x): 



For writing the latter, we have assumed as usual that the space of states in which the field 
is acting carries a representation of the group of spacetime translations and that the field is 
invariant under this representation; energy and momentum operators are the corresponding 
generators of this group. It is of current use to exploit the analyticity properties of F'^{p) 
and F~{p) respectively in the upper and lower half-planes of the complexified energy 
variable po- However, the postulate of microcausality for the field $(.x) implies much 
more. In fact, it requires that the retarded and advanced propagators occurring under 
the integrals at the r.h.s. of Eqs (1) and (!') have respectively their supports contained 

in the closed forward and backward cones {xq > \x\) and V {xq < — |a;|). It then 
follows that the integrals (1) and (1') remain convergent and define analytic functions of 
the complex energy- momentum vector k = p + iq, still denoted by F'^{k) and F~{k), 



2.1 Expressing microcausality in complex momentum space 




(1) 




(1') 
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in the respective domains (p arbitrary, q G V~^) and T~ (p arbitrary, q G V~); 

= —V~ is the open forward cone: go > l^l- and T~ are called the "forward and 
backward tubes"; they contain respectively the upper and lower half-planes in all their 
one-dimensional sections by (complexified) time-like straight lines, interpreted as energy 
variables in all possible Lorentz frames. F^{k) are the "Fourier-Laplace transforms" of the 
retarded and advanced propagators in complex energy-momentum space; their boundary 
values (p) on the reals from (respectively) are the Fourier transforms themselves of 
these propagators. 

In view of the local singularities of the fields, the previous derivation of this basic ana- 
lyticity property has to be corrected under two respects in realistic cases, namely i) splitting 
in a meaningful way the "(anti-) commutator function" C{x) =< [$(|), $(— 1)]± > with 

support V'^ U V into its retarded and advanced components R{x) and A{x) with respec- 
tive supports and V , in such a way that C{x) — —i{R{x) — A{x)) (this was done 
formally in Eqs (1) and (!') by using the Heaviside multipliers ^(±Xo)), and ii) giving a 
sense to the formal integrals of (1) and (!') when p is replaced hy k — p -\- iq respectively 
taken in and T~ . 

In the framework of Wightman-LSZ fields where C{x) is a tempered distribution, 
there exists a standard splitting procedure (see e.g. [9]) which defines R{x) and A{x) as 

tempered distributions with respective supports V'^ and V (up to an ambiguity which 
is simply a linear combination of 5{x) with derivatives of the latter). Then in view of 
this support property the Fourier-Laplace exponential 0**^^+"^-''^ is seen to be a good test- 
function, respectively for R{x) provided q is taken in and for A{x) provided q is taken in 
y~, which justifies the corresponding analyticity property of F'^{p-\- iq) in T^. Moreover 
these functions are proved to have polynomial increase iov k = p-\-iq tending to infinity in 
and to be bounded by an inverse power oi\q\ near the reals: for p real, F^{p) are then 
defined as distribution boundary values of F^(k) from the respective tube domains T^. 
The Fourier transform C{p) of C(x) in the (L. Schwartz) sense of tempered distributions, 
which has to be a measure (for spectral reasons, see below), is then given by the following 
relation between distributions C{p) = —i{F^{p) — F~{p)). 

In the enlarged framework of QFT where the definition of field operators is given in 
the sense of hyperfunction theory (see e.g. [20]), C{x) is a hyperfunction on x— space, 
namely a functional on an appropriate space A of analytic functions ip{x). However, if 
one needs this concept in order to include arbitrarily wild local singularities in x— space, 
one may keep as a basic requirement the fact that in momentum space, the "spectral 
function" C{p) =< $(p)$(— p) > — < $(— p),$(p) > '^^-^ remains a distribution and even 
a measure in depending continuously on p. This is still a consequence of the existence 
of a unitary representation of the spacetime translations acting on the field operators 
in the Hilbert space of states; more intuitively speaking, if one excludes phenomena of 
infrared divergences, the contributions 5{pQ — u{p)) associated with dispersion laws of the 
theory are still considered as dominant singularities in momentum space. However, C{p) 

Here the "bracket notation" in terms of operator products is used only for its suggestive 
content; no (infinite!) energy-momentum conservation 5— function is involved in it. 
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is no longer a tempered distribution (i.e. it may have nonpolynomial increase at infinity, 
in correspondence with the wild local singular behaviour of C{x)). Mathematically, this 
means that a reasonable space A of test-functions is the space of functions f{x) whose 
Fourier transforms ifi{p) belong to the Schwartz space V (functions infinitely differentiable 
with compact support): ^ is a space of entire functions ip{x + iy) which decrease more 
rapidly than any inverse power of \x\ in the reals and are bounded by linear exponentials 
of y. Then the Fourier transformation relating C and C is defined in the usual way 
by the formula (C, = (C*, (^). Typically, a hyperfunction C{x) satisfying the previous 
requirements admits a "concrete representative" (defined up to an arbitrary entire function 
of x) which is a function C{zo,x), holomorphic with respect to zq = xq + iyo in the cut- 
plane excluding the reals. C must be polynomially bounded at infinity (corresponding to 
the distribution character of C{p)), but its behaviour near the reals may be arbitrarily 
wild, corresponding to the idea that the hyperfunction C{x) is (in a heuristic sense) the 
"jump of C across the reals". What remains indeed concretely defined is the following 
integral (independent of rj, rj > 0, for all (f in A): 

{C,(p) = dx dxo C{xo + irj^x) (p{xo + irj^x) — C{xo — iri,x) (p{xo — ir],x)\ . 

J J — oo 

(2) 

Microcausality and splitting: the formulation of a support condition like microcausality 
cannot be done as in the case of distributions by using localized test-functions since A does 
not contain such functions. But making use of the representative C of C, one can formulate 
the microcausality condition by postulating that the jump of C across the reals vanishes 
in the complement of UV , or in other words that C{xo, x) is holomorphic there (in 
xq). Now it can be shown that a splitting of the form C{zo,x) = —i{R{zo, x) — A{zo,x)) 
can always be done (with an ambiguity consisting in functions carrying a singularity only 
at {xo,x) = 0) in such a way that R and A be holomorphic in the cut 2;o-plane (for all 
x), polynomially bounded at infinity and such that the jumps of R and A across the reals 
vanish respectively in the complements of and V . The feasibility of this splitting 
which is not surprising for \x\ 7^ 0, (since the "retarded and advanced cuts" are separated 
in that case) requires more mathematical knowledge for x — 0; such a decomposition 
belongs to a category called "Cousin's problem" which is standard in complex analysis. 
Applying the procedure of formula (2) for defining the hyperfunctions R{x) and A(x) with 
respective representatives R and A, one thus obtains for C a satisfactory splitting of the 
form C{x) = -i{R{x) - A{x)). 

Analyticity in the tubes T^: applying the definition (2) to R and A, and taking into 
account the location of the corresponding cuts for R and A in the corresponding formulae, 
one can perform a contour distortion argument which yields the following alternative forms: 



{R,ip)= dx dzQ R{zq,x) (p{zQ,x), (2') 

{A,(p) ^ dx dzo A{zo,x) (fi{zo,x), (2") 

J Jy- (x) 
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where j~^{x) and 7~(x) are folded contours which surround respectively the half-lines 

Xq > \x\ and Xq < —\x\ in the Zo^pl^'iie. One now notices that the entire function 
^i{po+iqo)zo-i(p+iq)-x acceptable test-function (p in (2') if {qo,q) is in and in 

(2") if (qo^q) is in V~ . One thus justifies again in this very general case the fact that 
F^(k) = (i?, e*'" '^) and F~{k) = (A, e*'^'^) are respectively holomorphic in the tubes r+ 
and T~ . Moreover, by taking into account the distance r/ of the contours 7^(x) to the 
corresponding cuts in the ^o^plane, one would show that these Fourier-Laplace transforms 
of R and A now satisfy bounds of the following form in their respective tube domains: 

|F±(fc)| < Mrj e''(l^'°l+l«°l\ 

where the positive number rj can be given an arbitrary value (the dependence on rj of the 
corresponding constant being unspecified). 

2.2 A problem of analytic completion 

So in the sector generated by "one-Geld vector-states" of the form J (p{x)^{x)dx >, 
with (p varying in the relevant space of test- functions (corresponding to the field-theoretical 
framework which one wishes to consider), microcausality is fully expressed by the analyt- 
icity of the pair of functions {F^,F~) in the corresponding domains T^,T~. Now any 
usable information on the support of the energy-momentum spectrum of the theory in this 
sector amounts to specifying an open subset TZ of the (real) energy-momentum space in 
which the distributions < $(p)$(— p) > and < $(—/;), $(p) > vanish together. In fact, 
such a support property implies the coincidence relation F^ = F^, since the expression 

F+(p) - F-{p) = iC{p) = i < [$(p), H-p)]± > (3) 

vanishes in TZ. It then follows from a standard theorem of complex analysis called the "edge- 
of-the-wedge theorem" (still valid in the case of holomorphic functions with distribution- 
like boundary values, see [10] and references therein), that F~^{k) and F~{k) then admit 
a common analytic continuation F{k) which is analytic in the union of T"*", T~ and of 
a complex neighborhood of the real set TZ; in other words, F~^ and F~ "communicate 
analytically" through TZ, as functions of the set of complex variables k = {ko,k). 

It is one of the basic phenomena of Analysis and Geometry in several complex variables 
that arbitrary (connected) subsets of complex space C"^ are not in general "natural" for 
the class of holomorphic functions: this means that for such a general subset E, all the 
functions holomorphic in S admit an analytic continuation in a common larger domain S, 
called the holomorphy envelope of S. This phenomenon, which does not exist in the single- 
variable case, involves exclusively geometrical properties of the set E and the extension 
from E to E can always be done in principle by an appropriate use of the Cauchy integral 
formula; this analytic completion procedure presents a strong analogy with the procedure 
of taking the convex hull 5* of a subset S in the ordinary real space R"^, the notion of a 
"natural holomorphy domain" in C"' being a certain generalisation of the notion of "convex 
domain" in R"' (see e.g. [11,12] and references therein). As a matter of fact, the most 
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standard and useful result in this connection is the so-called "tube theorem" (see e.g. [12]) 
which we shall apply below: Any domain D in C"^ which is "tube-shaped" , i.e. of the form 
+ iB admits a holomorphy envelope which is the tube D = R"^ + iB, where B is the 
convex huU of B in IV^ . 

It turns out that sets of the form St^ = T+ U T~ U TZ are not natural and that, 
for various choices of TZ of physical interest, the corresponding holomorphy envelope E or 
parts of it can be computed and unexpectedly strong results then follow. Cases when TZ 
itself can be extended to a larger real region TZ (namely 7^ = E n R" D TZ) are specially 
interesting, since they correspond to enlarging the region on which the "spectral function" 
< [$(p), $(— p)]± > is proven to vanish, and therefore to refining our information on the 
support of the distribution < $(p)^>(— p) >, called "spectral support". Properties A and 
C given below are precisely of this type. Property B is a basic example of a holomorphy 
envelope for a domain Et^ which exactly corresponds to the case when energy-positivity is 
satisfied in all frames. 

2.3 Microcausality implies dispersion laws with subluminal velocities 

If energy-positivity is required to hold only in privileged frames, such as the laboratory 
frame and a set of frames which have small velocities with respect to the latter , there 
exists a maximal region TZ of the form —uj{p) < po < uj{p) (with u{p) > j\p\ for some 
positive constant 7) in which the (anti-) commutator function < [$(p), $(— p)]± > vanishes. 
We claim that, due to microcausality, the hypersurface with equation pq = uj{p) is not 
arbitrary: it has to be a space-like hypersurface. In fact, the geometry of the relativistic 
light-cone is deeply involved in the implications of microcausality, as it results from the 
following 

Property A ("Double-cone theorem"): 
Let TZa,h be a neighborhood (in real p— space) of a given time-like segment ]a, b[ with end- 
points a and b (b in the future of a). Then any function F{k) holomorphic in b admits 
an analytic continuation in a (complex) domain which contains the real region o^, where 
o^^ is the "double-cone" defined as the set of all points p such that p is in the future of a 
and in the past of b. 

Interpretation of Property A: 

Let M. (po = uj{p)) be the hypersurface bordering the vanishing region TZ of the 
(anti-)commutator function of a certain field theory satisfying microcausality and energy- 
positivity in privileged frames. Then for each point b — {uj{'p).,p) in M., there exists some 
interval of the form cj(p) — e < po < ^(p) and some open neighborhood TZa^b of the time- 
like segment ]o,6[ defined by this interval (i.e. a = {u!{p) — e,p)) which lies in TZ. It then 
follows from Property A that the propagator F{k) of this theory has to be analytic in 
the full double-cone o^, and therefore that the corresponding (anti-) commutator function 
must vanish in this double-cone: therefore, belongs to TZ, and this argument holds for 
every point b of Ai, which shows that Ai has to be a spacelike hypersurface. 

Similarly, assume that the vanishing region TZ is accompanied by another pair of 
maximal vanishing regions TZf of the form u;{p) < \pq\ < uji{p) of the (anti-) commutator 

This refers to the notion of "concordant frames" introduced in [1] 
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function. Then po = Lu{p) appears as the dispersion law of a particle corresponding to a 
pole of the propagator F{k). So the previous argument shows in this case that 

both the hypersurface Ai describing the dispersion law of the particle and the hypersurface 
•^1 (Po = ^i(p)) bordering the region TZf have to be spacelike. The argument extends 
of course to the case of any (ordered) set of dispersion laws corresponding to several 
particles. Therefore, for every particle appearing with an energy gap in the propagator of 
the field considered, microcausality alone implies that condition c) (subluminal or luminal 
velocities) is satisfied by such a particle. 




-1 



Fig. 1. The "double-cone" o and the curves h\ 
Proof of Property A: 

This theorem, which can be seen as a generalisation of a similar property (corollary of 
the "mean value Asgeirsson theorem") for the solutions of the wave-equation [13], has been 
proved by Vladimirov [14] and by Borchers [15]. The main geometrical idea is displayed 
by treating a typical case in two-dimensional energy-momentum space with coordinates 
(pojPi)- We take for ]a, b[ the segment 5 =] — 1, -|-1[ of the time axis and for 7la,b a thin 
rectangle of the form: |po| < Ij < e. The tubes T~^,T~ in the complexified space 
with coordinates (/cq = Po + ^^O; = Pi + i<li) are defined respectively by the conditions 
Qo + Qi > 0, qo — qi > and qo + Qi < 0, Qo — Qi < 0, and we shall show that the real region 
obtained by analytic completion of T"*" U T~ U 5e contains the "double-cone" o (a square 
in this case!) defined by the inequalities: |po — Pi| < 1, \po + Pi\ < 1- One introduces the 
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family of complex curves h\ with equation [^q — {ki — 1)^] = Affcg — (^i + 1)^], where the 
parameter A varies in a complex neighborhood V of the real interval ]0, +00 [. Except for 
hi which is the (complexified) po^a-^is, all these curves are hyperbolae, and o is generated 
by the (real) arcs hx of hx parametrized by — 1 < po < 1 (with \pi\ < 1) when A varies 
from to +00; in a subinterval of the form \X — 1\ < r] (for some rj determined by e), hx 
remains inside the rectangle 5^ (see fig 1). 

One then checks that for any function F(ko, ki) holomorphic in T+ur~U(5e the change 
of complex variables {ko,ki) (^0;^^) is admissible. It allows one to define F{kQ,X) = 
F{ko, ki{kQ, A)) as an analytic function for A varying in V and ko varying in a ring-shaped 
domain Dx, which surrounds and excludes a neighborhood of a real interval of the form 
— 1 + a{X) < Po < 1 — a{X) (fig 2a). This comes from the fact that for < A < +00, the 
full upper (resp. lower) half-plane in the variable ko represents a set of points (ko, ki) of hx 
in T"*" (resp. T~) and that these two half- planes are connected by small real intervals 
] — 1, — 1 + a[, ]1 — a, 1[ which represent points in S^. Moreover, for 1 — ?7<A<l + r] the 
full unit disk |A;o| < 1 is in the analyticity domain of F (fig 2b), the corresponding arcs hx 
being all contained in d^- 






• 




-1 


\ 





a) X arbitrary in V 



b) 1-1] < X <l + r] 



Fig. 2. Initial analyticity domains of F_{ko^ A) 
in the fco-plane 



A 



v-i 



with 



To sec this, one can e.g. rewrite the equation of hx as follows: — ,^ 

ko — ki, which entails (for A > 0) the condition U x Q^m V > 0, and 



U = ko + ki, V 

therefore the fact that all complex points {ko, ki) = {U, V) in hx belong either to T+ or to 
T~ according to whether fco = | {Qm U + V) is positive or negative. 
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Now consider the Cauchy integral 

where 7^ has its support in Dx, is homotopic to the (anticlockwise) unit circle and equal 
to it for A = 1. In view of the latter analyticity property of F, one has I{ko, A) = F_{ko, A) 
for 1— ?7<A<l + ?7 and therefore I{ko, A) provides an analytic continuation of F_{ko, A) 
itself inside the full disk bordered by 7a and therefore on the real interval ] — !,+![ of 
the variable ko, for all A in the interval ]o, +00 [. By coming back to the original variables 
{ko,ki), this shows that F admits an analytic continuation in the full region o. In the most 
general version of the theorem in two dimensions, the neighborhood TZa,b of the given time- 
like segment ]a,b[ is considered as a union of rectangles of the previous ^g— type, whose 
thickness e tends to zero while they tend to ]a,b[: the double-cone (or square) Oo|d=2 
then clearly obtained as the union of the corresponding squares o obtained in the previous 
procedure of analytic completion . Finally the proof of the theorem in the d— dimensional 
case is obtained by applying the two-dimensional result in all the planar sections passing 
by a and 6, since i) the two-dimensional sections of the tubes are the corresponding 
tubes of the (complexified) planar sections, and ii) is generated by the union of all 
double-cones of the previous type Oa\d=2 these planar sections. 

2.4 Microcausality and energy-positivity in all frames imply Lorentz in- 
variant spectral supports 

A basic implication of microcausality together with energy-positivity in all frames is 
the fact that propagators F{k) of the underlying fields have to be holomorphic in a domain 
which is invariant under all complex Lorentz transformations, even if these propagators 
are not Lorentz invariant functions due to the fact that the Lorentz symmetry is broken 
in the representation of the fields under consideration. The key property which is at the 
origin of this peculiarity is the following 

Property B ( "Kallen-Lehmann domain"): 
Let TZ = TZq be the set of all space-like energy-momentum vectors p = {po,p) '■ \Po\ < 
\p\. Then any function F{k) holomorphic in St^.^ = U T~ U TZq admits an analytic 
continuation in the domain Ti-n^ which is the set of all complex vectors k = {ko, k) such 
that k"^ = kQ — k^ is different from any positive number and from zero. 

Interpretation of Property B: 

Energy-positivity in all Lorentz frames implies that the distribution < $(p)$(— p) > 

vanishes in the complement of and therefore, in view of (3), that the coincidence relation 
F^^ = F^Ti^ is satisfied . Property B then implies the analyticity of the propagator F{k) in 

the full "cut-domain" Et^;, . Our denomination of "Kallcn-Lehmann domain" for the latter 
is motivated by the fact that in the usual case when Lorentz invariance (or covariance) of 
the field is postulated, the analyticity domain Et^^ is directly obtained as a byproduct of 
the Kallen-Lehmann integral representation of the propagator 

Fik) ^ F{k') = ^da. 
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since the image of fl-jz^ in the variable is the usual cut- plane domain C\R'*'. Here, how- 
ever, this Lorentz-invariant domain (considered in the full complex fc— space) is obtained 
without any assumption of Lorentz covariance and of houndedness of the functions, but 
purely on the basis of microcausality and energy-positivity. 

Moreover, one will show that any further information on the spectral support which 
is superimposed to the conditions of Property B implies the Lorentz-invariant shape of 
all the components of the spectral support together with the invariance under complex 
Lorentz transformations of the corresponding analyticity domain of the propagator. This 
is the purpose of the following property, whose statement in the present form is valid for 
any spacetime dimension c? > 3; we postpone to the proof the corresponding statement for 
the two-dimensional case, which requires a little more care in view of the decomposition 
of the light-cone into two straight-lines (the so-called "left and right-movers"). 

Property C (Lorentz-invariance of the borders of the spectral supports); case d>3: 
If TZ is any real open set, not necessarily connected, containing TZq then every function 
F(k) holomorphic in "E-ji = U T~ U TZ admits an analytic continuation in the (Lorentz- 
invariant) set it of all real vectors p whose Minkowskian norm has a value already taken 
at some vector in TZ. Moreover the domain in which every such function F{k) can be 
analytically continued is the set of vectors k such that k"^ takes all possible complex values 
and all real values taken by p^ when p varies in TZ. 

Interpretation of Property C: 

It is easy to see that Property C (in its first part) implies that if microcausality 
and energy-positivity are satisfied, then the most general type of set TZ where the (anti-) 
commutator function (3) has to vanish is a set composed of one distinguished region TZmq 
of the form —00 < p^ < Mq^ , with Mq > and of zero, one or several disjoint Lorentz- 
invariant regions of the form M'1 < p^ < Mf , where M'l > Mq and M'i^i > Mi, i = 
— 1, Ml < 00. This implies in turn that the support of < ^{p)^{—p) > is exactly the 
union of all the "thick (or thin) hyperbolic shells" defined by Mf <p^< M'^^^, pQ > 0, 
{i = 0, 1, . . . , Z - 1), > M^ (and of the origin if < $(]?)) >^ 0). The equality case 
Mi = M'i_|_i corresponds to some "thin shell" p^ = Mf . This thin shell situation occurs 
precisely when the distribution < $(p)$(— p) > describes a particle with dispersion law 
Pq — ^Jp^ -\- Mf . No possibility is left for a Lorentz-symmetry breaking dispersion law. 
(Note that in this argument, the positivity of the Hilbert-space norm, implying the fact 
that the previous distribution is a positive measure factoring out a 5{p'^ — Mf), has not 
been used). 

The proofs of Properties B and C given below are based on purely geometrical ar- 
guments. Both of them rely on a standard analytic completion procedure of geometrical 
type, namely the "tube theorem" (stated at the beginning of this section); apart from the 
recourse to this piece of knowledge in complex geometry, these proofs are completely self- 
contained. The analytic completion procedure is actually at work in the two-dimensional 
case, which we treat at first, while the general d— dimensional case will be reducible to 
the latter. 

For the two-dimensional case. Property C must be properly restated as follows: 
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Property C (Lorentz-invariance of the borders of the spectral supports); case d= 2: 

If TZ is any real open set, not necessarily connected, containing TZq then every function 
F{k) holomorphic in Ti-jz. = T+ U T~ U TZ admits an analytic continuation in the (Lorentz- 
invariant) set £7^ obtained by adding to Et^^, the set of all (real or complex) vectors k 
obtained by the action of real or complex Lorentz transformations on all vectors in TZ. 

We note that in the d— dimensional case, the latter version of Property C is equivalent 
to the former. In fact, the set of all vectors k obtained from a given vector p = p ^ mTZ 
by real or complex Lorentz transformations is the full complexified hyperboloid k'^ = if 
7^ or the full complexified light cone fc^ = if = 0. However in the two-dimensional 
case, the latter statement differs from the former if TZ contains vectors p such that p'^ = 0. 
In that case, the set of vectors k obtained from such a vector p by the action of real or 
complex Lorentz transformations is not the full light cone but only the complexified line of 
left or right-movers which the given vector p itself belongs to. In other words, one of these 
two lines may very well be a singular set of the propagator, and therefore contribute to 
the spectral support, although the other line doesn't; in such a case the parity symmetry 
of the spectral support is then broken but its Lorentz invariance is still preserved. 

Proof of Properties B and C in the two-dimensional case: 

We here consider the case when k — {kQ,ki) varies in C^, corresponding to two- 
dimensional field-theory. In the complex variables {U = ko + ki, V = fco — fci), the 
domains are described as T"*" : '^mU > 0, QmV > 0, T~ : Qm,U < 0, Qm,V < 0, 
and TZq is the real set: p^ = UV < 0. Let us then pass to the logarithmic variables u = 
log U, V = log V and use the fact that any function F{k) = F{U, V) = F(e^, e") = f{u, v) 
is holomorphic and 27r— periodic with respect to the variables u and v in the image of 

U T~ U TZq in the space of these variables. One easily sees that the domain is 
one-to-one mapped (periodically) onto each one of the following (tube-shaped) domains 

= H'^+iB'^ {I integer) where is the square < ^■mu—2l7r < tt, < ^'mv+2l7r < n 
and similarly for T~ onto each one of the domains = -|- iBf {I integer) where Bf 
is the square — tt < '^mu — 21t: < 0, tt < '^mv + 21ti < 2%. As seen on fig 3, the set of 
all squares B^ and Bf form a connected set if one adds to them the common boundary 
vertices represented by all the points bi = C^mu = It:, '^mv = (— /-|- l)?!"), with / integer. 

But as one easily checks, the sets 61 = +ibi belong precisely to the (periodic) image of 
the set TZq {UV — e^"'"'^ < 0; e^, e" real). The function f\u, v) is therefore holomorphic in 
the union of all the tube-shaped sets 0^"*", 6^" and 9i and even (in view of the invariance 

of this edge-of -the- wedge configuration by all real translations in R^) in a connected 
open tube = R^ + iB such that B is the union of all sets B^ , Bf together with open 
neighborhoods of all the points b^. Then in view of the tube theorem, f{u,v) admits a 

(27r— periodic) analytic continuation in the tube = Ti^ + iB, where B, namely the convex 
hull of B, is (as shown by fig 3) the domain B : < Qmu + Qmv < 27r. F{k) therefore 
admits an analytic continuation in the inverse image of the tube in the original variables, 
which is the set of all k = {U,V) such that < argU + argV = arg/c^ < 2tt, namely the 
domain Ti-jZo described in Property B. 
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Fig. 3. The set B (dark gray) 
and its convex hull B (light gray) 

The domain Stj,^ can also be seen as the union of all complex hyperbolae in 
with equation = UV = ( such that ( belongs to the cut- plane C \ [0, oo[. Let us 
now assume that in addition to TZq, the set TZ contains a given point p = {U,V_) with 

= C > 0. To be specific, consider the case when one has: U_ > and > and 
put Cr= e^ > 0,V = Ce"- > 0, with t real; the remaining cases would be treated 
similarly by i) exchanging the roles of U and V and ii) changing {U,V) into {—U,—V) 
in the following. We now use the fact that any function F{k) = F{U, V) analytic in 
T,Tz = r+ U T~ U 7?. is analytic in a complex neighborhood of p and therefore in particular 
in a set of the form J\f{p) = {A; = iU,V); [/ = e*, V = Ce~*; (C,^) £ 'S'l}, where 

= {(C,t);C ~ ^ < C < C + £) l^^^l < p}- K cilso follows from Property B that 
the image G of such a function F{U,V) in the space of complex variables (C)^), namely 
G{C,t) = F(e*,Ce"*), is analytic in the set S2 ^ {{C,t); |C - CI < e, ^mC ^ 0; t e C} 
(with periodicity with respect to the translations t ^ t + 2il7r) . Putting these two facts 
together, namely the analyticity of G{(,t) in the union of the sets Si and S2, and making 
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the new change of variables 



log 



/3 = ^log(^-^), 



one checks that the function g{a, P) = G{( + ef^q:^) t + e is holomorphic in the 
following tube-shaped domain T = + iB, where B is the union of the (disconnected) 

P arbitrary} with the "connection interval" 



< 



< 



2 ' 



0; < logp} (see fig 4). Now since the convex hull of B is 



open set {(Q'm a, /3); 
{{'^ma,'^m (3); '^ma - 
obviously the domain B = {{'^ma,'^m (3); ^ < ^ma < ^; arbitrary}, the tube 

theorem implies that g{a,/3) admits an analytic continuation in + iB, and therefore 
that G{C,t) admits an analytic continuation in the set {(C,^); IC ~ CI < t E C} (with 
periodicity with respect to the translations t ^ t + 2iln). Coming back to F{U, V), this 
shows that F admits an analytic continuation in a set which is the union of all complex 
curves parametrized hj U — e^, V — Ce~*; t E C, for ( varying in the disk |C ~ CI < ^• 
These curves are complex hyperbolae except for the one corresponding to the value C = 0, 
which is the straight-line V = 0, namely the (complexified) "right-mover" component of 
the light-cone. All these curves can be seen as generated by the action of all real or complex 
Lorentz transformations (parametrized by t) on the set Af{p) and Property C is therefore 
established for the two-dimensional case. 



$5/3 



logp 



Fig. 4. The set B (gray) 
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As a by-product of the latter, we stress the following result which is used below: 

Property B with masses: 
Let TZ = TZfj, be the set of all real energy-momentum vectors p such that p^ < p?'. Then 
any function F{k) holomorphic in St^^ = U T~ U TZ^ admits an analytic continuation 

in the domain T^-ji^, which is the set of all complex vectors k such that belongs to the 
cut-plane C \ [/i^, +00 [. 

Remark It is sufficient that TZ is known to contain (neighborhoods of) one point p 
on the line V = and one point p' on the line U = (besides T^-o) in order to obtain 

an analyticity domain Yl-jz of the previous type S-/^^: in fact, Property C implies that 
both complex lines U = Q and V = Q are contained in the domain, except maybe for the 
point U = V = which is not obtained by the previous analytic completion procedure. 
However, this point must also belong to the domain since an analytic function of two 
complex variables cannot be singular at an isolated point surrounded by its domain of 
analyticity (see e.g. [11]): it admits an analytic continuation at this isolated point defined 
by an appropriate Cauchy integral. 

Proof of Properties B and C in the d-dimensional case: 

The general case when k = {ko,k) varies in (e.g. d = 4 for field theory in the 
physical Minkowskian space) will be treated by appropriately using the previous two- 
dimensional results in sections of by (complexified) planes containing a time-direction. 

Let k = p+iq be any vector in such that fc^ G C\[0, -t-oo[. In the affine Minkowskian 
space R*^ consider the point P such that [OP] = p and the time-like plane 11 passing by P 
and generated by q and the unit vector cq of the time-axis (or choose one of these planes 
and call it 11 in the degenerate case when q is along eo or is the null vector). There is a 
unique decomposition p = p' + p± such that p' is parallel to 11 and p± is orthogonal to 11 
and therefore spacelike, if not the null vector: = — < 0. Introducing the complexified 
space n'^'^) of n and the two-dimensional vector variable k' = p' + iq such that every point 
k = p -\- iq in H^^^ can be uniquely written as k — k' -\- p± with k' orthogonal to p±, one 
has: /c'^ = k^ -\- p^. In II^'^) the section of the domain H-jz^ = T+ U T~ U TZq is represented 
in the vector- variable k' as the union of the two-dimensional tubes T'"*" and T'~ defined 
by ^mk''^ > and respectively Q^mfeg > 0, $Jm/cQ < 0, and of the real region defined by 
p'^ = p^ — p\ = p^ ^- < . Therefore since the given vector k — p'-\-p±-{-iq = k^-]-p±^ 

is such that A;'^ = + G C \ [p^, -|-cxo[, it follows from the two-dimensional Property B 
with masses, applied in /c'— space to the restriction F'{k') = F|n(c)(/c) of any function F{k) 
analytic in St^.^, that F' admits an analytic continuation at k^ and therefore that F itself 
can be analytically continued at the given vector k. This shows that Property B holds in 
the d— dimensional case. 

Proof of Property C: let us assume that in addition to TZq, the set TZ contains a given 
vector p = [OP] with > 0. Considering at first the case > 0, we know that the 
two-sheeted hyperboloid H{P) with equation p'^ = p^ can be seen as the union of all the 
hyperbolae ha{P) passing by P which are the sections of H{P) by all the two-dimensional 
planes IIq, containing the parallel to the time axis passing by P. In the complexified space 
of each (Minkowskian- type) plane IIq,, the domain St^ admits a restriction represented 
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by a two-dimensional domain of the form S7^„, where TZa contains P in addition to a 
region of the form p'^ < p'^, corresponding to the intersection of TZq by U^- Therefore, in 
view of Property C for the two-dimensional case the whole hyperbola hct{P) (and even its 
complexified) belongs to the holomorphy envelope Stj^ of Et^^ . Since this is true for all 
hyperbolae ha{P), the full hyperboloid H{P) itself belongs to the holomorphy envelope 
E-R, of St?,. In the case = (with P ^ 0)), H{P) is the light-cone and the previous 
argument of analytic completion in the union of all hyperbolic sections by the planes IIq, 
yields the whole light-cone deprived from the "light-ray" distinct from [OP] and contained 
in the (unique) plane passing by the origin. However, this exceptional light-ray can 
be recovered by replacing P by a neighbouring point P' also such that [OP']'^ = 0: this is 
always possible since TZ is an open set. (We also note that for the same reason one thus 
obtains in that case an open set TZ of the form < e^, the isolated point p = being also 
obtained according to the remark given at the end of the two-dimensional case) . We have 
thus established the first part of Property C, namely the analytic completion at all real 
vectors p whose corresponding value of is taken by some vector p = [OP] in TZ. 

In order to establish the second part, we can now assume that TZ is the union of TZq 
together with a set of hypersurfaces of the form p'^ = with > 0; then there 
remains to prove that all the points of the corresponding complex hypersurfaces H^"^ can 
be reached by the previous analytic completion procedure. Here again, one can proceed as 

(c) 

in the proof of Property B, namely taking any given vector k= p-\-iq in H^i , one considers 
the complex two-dimensional configuration in the corresponding plane H^'^^ (specified above 
in the proof of Property B). Now the section of by the plane H is a hyperbola contained 
in the region TZu of the corresponding section, so that as a result of Property C in the 
two-dimensional case, the holomorphy envelope contains all the points of the corresponding 
complex hyperbola, which includes by construction the given point k. For the case /i = 0, 
the same method still works, including the treatment of the vectors k — p + iq such that 
p^ = = 0, which belong to complexified light-rays: the latter are again obtained by 
the two-dimensional version of Property C in the special case of the right and left movers 
(no complex light-ray can be excluded since each light-ray has all its real points in the 
analyticity domain). This ends the proof of Property C in the general case. 

3 Shape of the energy-momentum spectral supports for the A^— point functions 

We shall now show that the previous study can be repeated for the sector generated by 
"two-Geld vector-states" of the form J (f{x, x')^{x)^{x') > dxdx' . It is in fact possible 
to perform a similar treatment in complex momentum space, in which propagators of the 
fields are now replaced by four-point functions of the latter: the corresponding results on 
the form of dispersion laws will then apply to composite particles appearing as "two-field 
bound-states" . Subsequently, we shall indicate the existence of a similar treatment for the 
sectors of "n— field vector states" in terms of 2n— point Green's functions with applications 
to dispersion laws of composite particles appearing as "n— field bound states" , with n > 3. 
The validity of such a general study relies in an essential way on the general formalism of 
the analytic Green's functions of interacting fields in complex momentum space [17]. 

The basic fact is that there exists an analog of formula (3) for the four-point function. 
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which can be written as follows (see again for our use of the bracket notation): 

F+{p;pi,p2) - F~{p;pi,p2) =< [R{pi,p - pi), R{p2,-p - P2)]± > (4) 

where R denotes the Fourier transform of a retarded two-point field operator carrying the 
total energy-momentum p: 

R{p',p-p) = J e'P-^ e^^'''(^'-^) eix'o-xo) $(x)]± dxdx' (5) 

and where F~^{p;pi,p2) and F~ {p;pi,p2) are distributions aflfiliated with the "generalized 
retarded four-point functions" (see [8,9]). 

Here again, any usable information on the support of the energy-momentum spectrum 
of the theory in the corresponding two-field sector will amount to specifying an open subset 
TZ in the space of energy-momentum vectors {p,Pi,P2) whose boundary only depend on the 
total energy-momentum vector p in which the distributions < R{pi,p—pi)R{p2, —p—p2) > 
and < -R(p2, —p—P2)R{pi,p—Pi) > vanish together. In view of (4), such a support property 
(corresponding to the knowledge of the "intermediate states in the latter matrix elements" ) 
then implies the coincidence relation F^ = 

Moreover, as in the case of propagators, the postulate of microcausality for the field 
^(x) implies properties of analytic continuation of the previous objects in complex energy- 
momentum space, which play a crucial role. These properties hold (together with poly- 
nomial bovmds) in the tempered-distribution setting of Wightman-LSZ fields considered 
in [17]; however they could also be justified (with a corresponding release of the bounds) 
in the hyperfunction setting along the same lines as in Sec. 2.1. Even if the description 
of these properties is more complicated, due to the occurrence of three complex energy- 
momenta k = p + iq, ki = pi -\- iqi, k2 = P2 + iQ2, the situation reproduces the case of 
propagators as far as the total energy-momentum p is concerned. In fact, F^ and F~ are 
boundary values of holomorphic functions from tubes T+, T~ whose projections onto the 
space of complex total energy-momentum k = p -\- iq are respectively : q e V'^ and 
T~ : q e V~, so that formula (4) still appears (like (3)) as a discontinuity formula: it 
indicates that the discontinuity between the two holomorphic functions F'^(k; ki, ^2) and 
F~{k; ki, /C2) is known to vanish on the set TZ. 

However we must describe more carefully the situation concerning the analyticity 
properties of these functions in the "internal momenta" k\ and k2- First, it is clear from 
formula (5) that in view of the support property of the retarded product {x' — x contained 
in V ), i? is the boundary value of an (operator-valued) analytic function R{k',p — k') 
from the tube k' — p' -\- iq' : q' G for all real p. Therefore the r.h.s. of Eq.(4) is the 
boundary value of a holomorphic function AF{p; ki, ^2) of (/ci, /C2) in the tube defined 
by the conditions qi G , q2 G for all real p. 

Now it is also shown [8,9] that the domains of analyticity of F~^,F~ implied by 
microcausality are the tubes T+ and T~ defined by the following conditions: 

r+: qeV+, qieV+, q2 e V+ (6) 
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r-: -qeV+, q + qieV+, q + q2eV+ (7) 

and one easily checks that these two tubes admit precisely as their common boundary (at 
q = 0) the tube © for all real p. On the latter, there holds the following discontinuity 
formula for the boundary values of and F~: 

AF(p; ki, k2) = F+ip; ki, k^) - F'ip; ki, k^). (8) 

The main geometrical difference with respect to the case of propagators is that the 
tubes and T~ in the big complex {k^ ki, /C2)— space are not opposite as it is the case 
for T+ and T~ in A;— space. As a matter of fact, in view of (6) and (7), the union of the 
tubes T+ and T+ admits a convex hull T which is contained in the tube defined by the 

conditions qi G , q2 G , q + qi E , g + ^2 G ■ Now in such a situation, and 
provided the coincidence relation F^ = F^ holds true, there exists a generalized version 

of the edge-of-the-wedge theorem [10], which states that F+(/c; /ci, /C2) and F~ {k; ki, k2) 
still admit a common analytic continuation F{k; ki, /c2)- The latter is analytic in the union 
of T+, T~ and of a complex set Af{TZ) of the following form: Af{TZ) is the intersection of 
a complex neighborhood of 71 with the convex hull T of U T~ ; in other words, F~^ and 
F~ "communicate analytically" through the complex set MijV) which is bordered by 7?., 
although not being analytic anymore in TZ itself. 

In the present situation, the open set IZ is always of the following "cylindric" form: 
pi and p2 are arbitrary and p varies in an open set TZ (namely the projection of 7Z onto 
p— space). Then the equivalence of the following two statements (proved in [8,9]) deserves 
to be stressed: 

a) the boundary values of F'^(k; ki, ^2) and F~{k; ki, ^2) coincide on TZ, 

b) AF{p] ki, /C2) vanishes as an analytic function of {ki, /C2) in for all p in TZ. 
Property b) means that the "bridge" in which F~^ and F~ have a common analytic 

continuation contains not only the "small" set MiJZ) but the "large common face" defined 
by the conditions (fci, ^2) in for all p in TZ. 

As in Sec. 2, one is then led to make use of an analytic completion procedure in order 
to enlarge the primitive ( "non- natural") set = r+ UT" UAA(7^), in which F{k] ki, k2) 
is known to be analytic. It turns out that one can obtain results very similar to those of 
Sec 2, which reproduce the corresponding physical interpretations. In fact, the Properties 
A', B' and C listed below can be seen as exact counterparts of the respective Properties 
A, B and C, since they involve identical regions (now called) IZ and TZ in the space of the 
total energy-momentum p, while the additional analyticity properties with respect to the 
internal energy-momenta ki and k2 are a remnant of microcausality in these variables. 

i) Dispersion laws with subluminal velocities 

Under the weak assumption that energy-positivity only holds in privileged Lorentz 
frames (see Sec 2-1 and '^^-^ ), microcausality implies that all the hypersurfaces M.i and M. 
representing respectively dispersion laws po — uji (p) of one-particle states and the border of 
the continuous energy-momentum spectrum of "intermediate states in the matrix elements" 
< R{pi,p — pi)R{p2i —p — P2) > have to be space-like hypersurfaces. 



20 



This follows from 



Property A ': 

Let TZa,b be the set of all points {p,Pi,P2) such that p belongs to a neighborhood of a 
given time-like segment ]a, b[ with end-points p = a and p = b (b in the future of a). Then 
any function F{k; ki, ^2) holomorphic in T,tz^ ^ = T+ U T~ [jN'{TZa,b) admits an analytic 
continuation in a (complex) domain which contains the set of all points {p,ki,k2) such 
that p belongs to the double-cone and {ki, ^2) varies arbitrarily in the tube Q. 

The argument of Sec 2-1, based on the consideratfon of time-like segments ]a,b[ with 
b contained in or A^i, then shows again the necessity of the space-like character of 
these hyper surfaces. In fact, for all such choices of ]a,b[, the conclusion of Property A' 
implies that the discontinuity AF{p; ki, k2) of F vanishes for all p in o\ and (fci, /C2) in 
and therefore that the distribution < [R{pi,p — pi), ^(p2, —p — 'P2)]± > vanishes for all p 
in and (^1,^2) arbitrary. 

ii) Lorentz invariance of dispersion laws 

Under the (usual) strong assumption that energy-positivity holds in all Lorentz frames, 
microcausality implies (as in Sec 2-2) that all the hypersurfaces Aii and M. represent- 
ing respectively dispersion laws po — uji{p) of one-particle states and the border of the 
continuous energy-momentum spectrum of "intermediate states in the matrix elements" 
< R{pi,p — pi)R{p2, —p — P2) > have to be hyperboloid-shells with equations of the form 
Po = a/p^ + , Po = \Jp^ -h M^. This follows from the applicability of 

Property B': 

Let TZ = TZq be the set of all (real) configurations {p,pi,P2) such that the total energy- 
momentum vector p = {po,p} belongs to the following region TZq : |po| < Then any 
function F{k; ki, k2) holomorphic in T^tio — T^\JT~ UTZq admits an analytic continuation 
in the domain Ti-jZo which is the set of all complex con&gurations {k, ki, /C2) belonging to 
the convex hull T of T+ U T~ and such that k"^ = k^ — P is different from any positive 
number and from zero, 

supplemented by 

Property C (Lorentz-invariance of the borders of the spectral supports): 
If TZ is any real open set, not necessarily connected, containing TZq and of "cylindric 
form" p & TZ, with TZ D TZq, pi,P2 arbitrary, then every function F{k; ki, k2) holomorphic 
in "Eji = U T~ U TZ admits an analytic continuation in the set of all configurations 
{p, ki, k2) such that {ki, ^2) belongs to the tube and p varies in an open set TZ defined 
as in Property C: it is (for d> 3) the set of all real vectors p whose Minkowskian norm p^ 
has a value already taken at some vector in TZ. Equivalently (but then including the case 
d = 2), it is the set of all vectors p obtained from vectors in TZ by the action of a (real) 
Lorentz transformation. 

The conclusion of Property C implies that the discontinuity AF{p;ki,k2) of the 
holomorphic function F{k; ki,k2) vanishes for all p in and {ki,k2) in Q and therefore 
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that the distribution < [R{pi,p — pi),R{p2, —p — P2)]± > vanishes for all p in ^ and 

(P17P2) arbitrary. It thus expresses the property of Lorentz invariance of the borders of 
the energy-momentum spectrum and therefore (according to the same analysis as in Sec 
2-2) the results announced above follow. 

A derivation of Properties A',B' and C can be given along the same line as the proofs 
of Properties A,B and C presented above in Sec. 2. Let us only mention here that Property 
A' corresponds to a specific case of the double-cone theorem for tubes T+, T~ in general 
(i.e. non-opposite) situations (see [16]) and that Property B' is exactly the statement given 
in Theorem 1 of [8] for the case of n = 3 vector variables, with m = 0. 

Remark: In the statements previously given under i) and ii), the constraints which 
were obtained concern the shape of the energy-momentum spectrum as it appears in 
the subspace of two-field states generated by retarded products of the following form 

R[(p\ >= J (p{x,x') 0{x'^ — xq) [^{x'),^{x)]± > dxdx' . However, it is clear that the 
same treatment and results are valid as well for two-field states generated by the corre- 
sponding advanced products, and therefore for the subspace generated by all states of the 
form C[(p] >— J (f{x,x') [$(a;'), $(a;)]± > dxdx' (for all admissible test-functions (p). 

The general case: 

We shall now end this section by explaining why the previous treatment of spectral 

properties of the space of "two-field states" can be generalized to the spaces of "n— field 
states" for all n > 3. Although it is not here the right place for presenting this general 
treatment with all its technical details, it is still possible to indicate briefiy how it works. 

The formalism of generalized retarded operators (g.r.o.) [17] allows one to introduce 
generalized absorptive parts: these are expectation values of (anti-) commutators of the 
following form < [Roi{{pi; i G J}), i?Q,/({p^,; i' G /'})]± >, where the operators Ra{{pi; i G 
/}) and Ra'iip'^,; i' G /'}) denote the Fourier transforms of n— point g.r.o. i?a, Ra' with 
supports contained in relevant corresponding salient cones Ca and Ca' in the space of 
differences Xj — Xk (resp. Xj, — x^,) of space-time vectors: these cones are (non-trivial) 
analogs of the supports of the usual retarded and advanced operators of the case n = 2 
(i.e. xi — X2 G V^). In our notation, / and /' represent disjoint subsets of n elements 
(|J| = |/'| = n) of the set {1,2, , ■ ■ ■ ,2n} and the corresponding energy-momenta p^, p'/ 
are linked by the energy-momentum conservation law p = YlieiPi ~ ~ Si'G/' P'i'i P being 
the total energy-momentum of the corresponding channel (J, /') of the 2??,— point function 
of the fields considered; as previously (see ^^^), it is understood that the distribution 
^{{^iei Pi} + {Z^i'e/'K'}) been factored out in the brackets < >. 

We then claim that for each n and each (/, /') there exists a complete set of g.r.o. 
Ra, Ra' whose Fourier transforms satisfy a discontinuity formula analogous to (4) of the 



Rigorously speaking, the passage from support properties of the "scalar" distribution 
< R{pi,p — pi)R{p2i —p — P2) > to corresponding support properties of the vector- valued 
distribution (f — > R[(f] > relies on a Hilbert-space-norm argument. 
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following form 

<a'(te; i e /}; {p',; i' e /'}) - i e /}; {p',- i' e /'}) = 

< [^a(fe; I e i' e /'})]± >; (9) 

in the latter, ^I'^i-Pi'^ ^ ^ -^i' IK'' ^' ^ -^'D ^^"^ distributions affiliated with the ^'general- 
ized retarded 2n— point functions" which are boundary values of analytic functions (still de- 
noted by) F^a'ii^i'i ^ ^ {^'i''- ^ -^'}) froi^ respective tubes T^^,, T~^,, in the space of 
complex vectors ki = Pi + iqi, k[, = p-, such that k = p+iq — X^ie/ h = — Y^i'er ^'v 

These pairs of tubes play the same role as the pair (T""", T~) of the case of two-field states: 
all points in T^^, (resp. T~^,,) satisfy the condition q = ^mk G (rcsp. V~). Micro- 
causality is a basic ingredient in the proof of the previous statement, which relies on the 
results of [17 d), e)]. 

We are again led to express the energy-momentum spectral assumptions of the theory 
in the corresponding ri— field sector by specifying an open subset TZ in the space of energy- 
momentum vectors Pi, p'-, whose boundary only depend on the total energy-momentum 
vector p = Yl,ieiPii which the distributions < Ra{{Pi-i i € I})Ra'{{p'i''-i i' £ I'}) > and 
< Ra'{{Pi>; i' e I'})Ra{{pi; i e /}) > vanish together. Here again, the edge-of-the-wedge 
theorem [10] implies that ^, and F~ ^, have a common analytic continuation -Fq,q' in a 

set of the form l^n = r+^> U T^;^, uM{n). 

One could then present the "n— field-state version" of Properties A', B' and C in a 
way which closely parallels the two-field state case. For brevity , we shall not repeat the 
full statements and the corresponding physical interpretations which are identical to those 
listed above in paragraphs i) and ii) under the respective "weak" and "strong" forms of 
the energy-positivity condition. To exhibit the parallelism of the geometry of the n— field 
case with the one of the two-field case, it is sufficient to make a little more precise the 
description of the situation in the sets of energy-momentum vectors ki and k'^, and the 
characterization of the domains T^a'^ '^aa'^ their common face in the subspace 

k — p real. 

For p real, we introduce the sets of complex vectors Kj = {k^ = ki — ^; i e /} 
and Kj, = {fc^, = k/-, + ^; i' e I'} linked by the relations Yl,iei^i ^ ^i'ei'—i' ~ ^' 
correspondingly Qi = '^rnKj (resp.Q// = '^niKj,) is the set of all qi (resp. q'-,) such that 
J2iei 1^ ~ (resp. J2i'ei' 1i' ~ Each of the sets of vectors Kj, Kj, (resp. Q/, Q'j,) 
varies in a space of (n — 1) independent complex (resp. real) energy-momentum vectors. 

By taking into account analogs of formula (5) for the operators and Ra' together 
with linear identities between them (called "Steinmann relations" [17]), one can deduce 
from the support properties of R^ and R^' (namely supp Ra C Ca, supp Ret' C Ca') the 
following analyticity property: the r.h.s. of Eq.(9) is for every real p the boundary value of 
an analytic function AFa^a'iP] Kj, Kj,) of {Ki,Kp), holomorphic in a well-defined tube 
©a, a' (playing the same role as O in the case n — 2). This tube is specified by a set 
of conditions of the following type in the space of the imaginary parts (QiiQr). There 
exists a set IIq, of partitions (J, L) of / and a set H^, of partitions (J', L') of /' such 
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that the defining conditions for Qa,a' are: qj = —ql £ V'^ and q'j, = — g^/ G for 
all {J,L) in IIq, and all {J'.L') in H^,: in the latter the notation qj (resp. q'j,) refers to 
the corresponding partial sum '^^^jqi (resp. X^i'ej'^i')- The sets IIq, and H^, are not 
arbitrary but must satisfy the so-called "cell-conditions" (see [17]) which express the fact 
that no linear subspace with equation q-m = or q'j^, = 0, with M C I and M' C /' 
intersects the domain Qa,a'- 

Now it can be shown that the tubes T^^, and T^^^, in which the functions F^^, and 
F~^, are holomorphic are defined by the following conditions: 

'^a,a' ■■ 9 e -QL e V+ and q'j, G V+ (10) 
for aU (J, L) in and aU (J', L') in H^^,; 

^aTa' : -Q e = -^L + ? e V+ and Qj, + g = -g^,. G V+ (11) 

for aU (J, L) in n« and all (J', L') in H^^,. 

These two tubes admit as their common boundary (at q = 0) the tube ©a, a' for all 
real p. On the latter, there holds the following discontinuity formula for the boundary 
values of and F"^,: 

AFa,a'{p;Ki,K'j,) = 

Fa,a'i{ki; i e Ih {K'-, i' e ^'})k=o - F-^,{{h; i E /}; {k',,; i' e /'})|,=o. (12) 

One easily checks that the defining conditions (10), (11) of the tubes T^^, and T~^, 
are completely analogous to the defining conditions (6), (7) of T+ and T~, up to the 
replacement of the two vector variables qi, q2 by all the vector variables —qL-, q'ji corre- 
sponding to the sets of partitions IIq,, IIq,/. 

As a matter of fact, it is known (see [17]) that it is sufficient to consider a subset 
of g.r.o. called "Steinmann monomials" Ra, Ra' for which each of the corresponding 
sets IIq, IIq/ contains exactly n — 1 partitions (one also says that the corresponding cell- 
conditions are "simplicial"); in fact, the most general g.r.o. are linear combinations of these 
Steinmann monomials. It then turns out that in this restricted class of g.r.o. the analog 
of Property B' coincides with Theorem 1 of [8] in its general n— vector form (with m = 0): 
this property states that any function holomorphic in T^Hn = '^q/ U 7^"^,/ U A/'(7^o) (with 
TZo now defined hy the conditions |po| < \p\, Ki and Kp real and arbitrary), admits an 
analytic continuation at all the points (k, Kj, K'p) in the convex hull of the tube T^^,LiT^^, 

such that k'^ = kg — k"^ is different from any positive number and from zero. Property C 
then follows from B' as in the case n — 2, while Property A' corresponds again to the 
double-cone theorem in a geometrical situation of general type. 

These considerations can be completed by a remark similar to the one given at the end 
of the case n = 2 (including footnote *-^-*): since the g.r.o. generate (by linear combinations 
of Steinmann monomials) all the multiple (anti-) commutators of n field operators, the con- 
straints on the energy-momentum spectrum apply to the subspace generated by all states 
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of the form C[(^] >= J (f{xi, . . . ,Xn-l,Xn)[^ixi),[. . . ,[^(Xn-l,^iXn)]..]] > dxi...dxn- 
(for all admissible test- functions </p). 

4 Concluding remarks 

In this paper, we have displayed the geometrical constraints on the shape of the energy- 
momentum spectrum which result from microcausality together with (weak or strong) 
energy-positivity requirements in any (boson or fermion) interacting field theory. The 
Lorentz-invariant shape of the spectrum is therefore proven for possibly existing cases of 
field theories with Lorentz symmetry breaking with a high degree of generality. This is 
due to the purely geometrical character of our method, based on analyticity properties in 
several complex variables, which has allowed a strict exploitation of the latter requirements 
in terms of the analytic Green's functions of the Gelds: it is in terms of these objects that 
the spectral constraints are expressed and the degree of generality which is reached in this 
approach presents various aspects. 

As already noticed (see our Remark in Sec. 3 and footnote ^^^), the Hilbert space 
interpretation of these constraints can be done separately. An advantage of the Green's 
function approach is therefore the fact that the constraints obtained are still proven to hold 
in an indefinite-metric framework, as for example in the usual treatment of the Q CD-fields 
with a gauge-fixing preserving the microcausality conditions for the Green's functions. 

Concerning the fact, already stressed above, that the results apply to the case of 
possible nonconventional field theories with arbitrarily wild short-distance singularities 
(i.e. of hyperfunction type, as specified in Sec. 2.1), we can say that the generality of the 
results goes even further: the latter are valid as soon as the Green's functions are analytic 
in the relevant tube domains of momentum space without any restriction on the increase 
of these functions at infinity, which can be considered as the most general expression of 
microcausality (note that mild exponential bounds in the energy were still obtained in the 
space hyperfunction setting, as noticed at the end of Sec. 2.1). In this connection, the 
method applies for example to the special case of Green's functions enjoying a very regular 
behaviour at large real energy-momenta, but exponentially increasing at purely imaginary 
energies: this is precisely the case for the Green's functions of the fields generated (via 
space-time translations) by local observables in the "local quantum physics" framework 
of [4], which were considered in the original works by Borchers and Buchholz [2,3] on the 
present subject. 
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